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1. Introduction
Linear cyclic codes have been of increasing interest since the realization that many seemingly
nonlinear binary codes are actually related to linear extended cyclic codes over the ring Z4 [1]. Us-
ing a spectral approach and a generalization of the results of [2], Dougherty and Park [3] studied
the structure of linear cyclic codes over Zpe . They showed that the description of ideals of the ring
Zpe [X]/〈XN − 1〉 (that is, linear cyclic codes of length N over Zpe ) depends on the determination
of ideals of the ring GR(pe,m)[u]/〈upk − 1〉, where GR(pe,m) denotes the degree-m Galois extension
of Zpe . For p = e = 2, a thorough examination of the ideals of the ring GR(4,m)[u]/〈u2k − 1〉 has been
given in [4] and [5].
Recently, using a modiﬁed approach, Kiah et al. [6] considered the case wherein e = 2 and
p is an arbitrary prime. Their approach has led to a nice classiﬁcation of self-dual ideals in
GR(p2,m)[u]/〈upk − 1〉 for odd prime p (see Corollary 4.4 in [6]), but there is a mistake in the proof
of Theorem 4.2 of [6]. This error greatly destabilizes the given classiﬁcation. In this paper we review
some of the results presented in [6], and, by correcting the mentioned error, provide a classiﬁcation
for the self-dual ideals of GR(p2,m)[u]/〈upk − 1〉.
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In this section we review the results presented in Section 3 of [6]. In the rest of this note, S stands
for the ring GR(p2,m)[u]/〈upk − 1〉 and I denotes the set of ideals in S . To any element C of I , two
ideals of Fpm [u]/〈upk − 1〉 are associated. The ﬁrst ideal is { f (u) mod p | f (u) ∈ C}, called the residue
code of C and denoted by Res(C); the second one is { f (u) ∈ Fpm [u]/〈upk − 1〉 | pf (u) ∈ C}, called the
torsion code of C and denoted by Tor(C).
Suppose Res(C) = 〈(u − 1)R(C)〉 and Tor(C) = 〈(u − 1)T (C)〉 for some non-negative integers R(C)
and T (C). The numbers R(C) and T (C) will be referred to as the residue degree and the torsion degree
of C , respectively.
Another important ideal associated with C is the annihilator ideal of C , denoted Ann(C), which
is the set { f (u) ∈ S | f (u)g(u) = 0 for all g(u) ∈ C}. Setting A := {C ∈ I | R(C) + T (C)  pk} and
A′ := {C ∈ I | R(C) + T (C)  pk}, Theorem 3.6 of [6] indicates that the map φ : A → A′ deﬁned by
C → Ann(C) is a bijection. Assume that τm is the well-known Teichmuller set of coset representatives
of GR(pe,m) modulo p and deﬁne the set
J := {(a,b,h0,h1, . . . ,hb−1) ∣∣ 0 a < pk, 0 bmin{pk−1,a}, a + b pk, hi ∈ τm}.
Then the following is a variation of Theorem 3.8 in [6].
Theorem 1. The map η : J → A \ {〈p〉} deﬁned by
(a,b,h0,h1, . . . ,hb−1) →
〈
(u − 1)a + p
b−1∑
i=0
hi(u − 1)i, p(u − 1)b
〉
is a bijection. Moreover, setting C := 〈(u − 1)a + p∑b−1i=0 hi(u − 1)i, p(u − 1)b〉 we have R(C) = a and
T (C) = b. It is worth mentioning that for the case b = 0, the two summations given above are deﬁned to
be zero.
The following corollary, which is indeed Corollary 3.9 in [6], provides a mass formula for |I|.
Corollary 1. The number of distinct ideals C in I with R(C) + T (C) = d and d pk, denoted Nd, is
Nd = p
m(K+1) − 1
pm − 1 ,
where K = min{	d/2
, pk−1}. Consequently |I| = 2[∑pk−1i=0 Nd] + Npk .
3. Duals in GR(p2,m)[u]/〈upk − 1〉
Assume that f (u) =∑pk−1i=0 f iui and g(u) =∑pk−1i=0 giui are two elements of S , and let ∑pk−1i=0 f i gi
be the natural dot product of f (u) and g(u). Deﬁne the dual C⊥ of an ideal C in I by C⊥ :=
{ f (u) | f (u) · g(u) = 0 for all g(u) ∈ C}. Obviously, C⊥ is also an ideal in I . Let − : S → S be the
conjugate map sending
∑pk−1
i=0 f iu
i to
∑pk−1
i=0 f iu
−i . For an ideal C in I , we denote by C the image
of the conjugate map restricted to C . Now Theorem 4.1 in [6] indicates that C⊥ = Ann(C). Assume
that δ(p) = 0 if p = 2 and δ(p) = 1 if p is an odd prime. The following theorem provides the unique
representation of a dual-ideal in I .
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A with hi ∈ τm. Then the following provides a unique representation for C⊥:
〈
(u − 1)pk−b − p(u − 1)pk−a−b
b−1∑
r=0
(
r∑
i=0
(−1)(i+a)δ(p)
(
a − i
r − i
)
hi
)
(u − 1)r
+
K∑
r=1
(min{r,p−1}∑
i=1
(−1)(i+1)δ(p)
(
p − i
r − i
)(
p
i
))
(u − 1)rpk−1−b, p(u − 1)b
〉
.
Proof. The proof proceeds similar steps as those considered in the proof of Theorem 4.2 in [6]. How-
ever, in that proof, the authors use the equality
p(u − 1)i = p(u − 1)iupk−i,
for all primes p. But this equality is true just for the case p = 2 and when p is odd we have
p(u − 1)i = (−1)i p(u − 1)iupk−i .
Therefore, after correcting this error we may obtain the above representation for C⊥ instead of that
presented in Theorem 4.2 of [6]. 
We now describe self-dual ideals in I (that is, ideals C satisfying C = C⊥). Note that C = C⊥
implies R(C) + T (C) = pk . Let
C =
〈
(u − 1)a + p
b−1∑
i=0
hi(u − 1)i, p(u − 1)b
〉
,
be an ideal in I with a + b = pk . An argument similar to that given in [6] shows that C = C⊥ if and
only if
phr = p
(
cr +
r∑
i=0
(−1)(i+a+1)δ(p)
(
pk − b − i
r − i
)
hi
)
,
for r = 0,1, . . . ,b − 1, where cr = 1 if r = pk−1 − b and cr = 0 otherwise.
Deﬁne the b × b matrix M(pk,b) by:
M(pk,b) :=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1+ (−1)aδ(p) 0 . . . . . . 0
(−1)aδ(p)(pk−b1 ) 1+ (−1)(a+1)δ(p) . . . . . . 0
(−1)aδ(p)(pk−b2 ) (−1)(a+1)δ(p)(pk−b−11 ) . . . . . . 0
.
.
.
.
.
.
. . .
.
.
.
(−1)aδ(p)(pk−bb−1 ) (−1)(a+1)δ(p)(pk−b−1b−2 ) . . . . . . 1+ (−1)(a+b−1)δ(p)
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
Therefore, C = C⊥ if and only if
M(pk,b)(ph0, ph1, . . . , phb−1)t = (pc0, pc1, . . . , pcb−1)t .
Hence there are solutions for hi if and only if there are solutions for the following equation in Fpm
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Thus we obtain the following theorem.
Theorem 3. Let c be the nullity of M(pk,b) over Fpm and N(pk,b) denote the number of self-dual ideals C
in I with T (C) = b  1. Then we have
N
(
pk,b
)= { (pm)c, when there is a solution for (x0, x1, . . . , xb−1)t;
0, otherwise.
Remark 1. We should note that the matrix M(pk, i1), given at the end of [6, p. 10], must be replaced
with the matrix M(pk,b) given above. These two matrices coincide in the case p = 2 but differ when
p is odd. An important difference between them is that, when b > 1, the matrix M(pk,b) is upper
triangular with zero determinant. Hence it is not an invertible matrix and therefore Corollary 4.4 of
[6] is incorrect.
Corollary 2. Let p be an odd prime. The only linear cyclic self-dual codes of length p over GR(p2,m) are 〈p〉
and 〈(u − 1)p−1 + p2 , p(u − 1)〉.
Proof. If b = 0 then obviously 〈p〉 is self-dual. The case b = 1 leads to the invertible 1 × 1 matrix
M(p,1) = (2), and hence we obtain the self-dual code 〈(u − 1)p−1 + p2 , p(u − 1)〉. 
Now we determine self-dual ideals in I for p = 3 and small values of k. The case p = 2 has been
investigated in [6, Corollary 4.5].
Corollary 3. Let p = 3 and k ∈ {1,2,3}. The self-dual ideals C in I are precisely the ones given below where
h j ∈ τm.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
k = 1: 〈3〉, 〈(u − 1)2 + 6,3(u − 1)〉;
k = 2: 〈3〉, 〈(u − 1)6 + 3[2+ h1(u − 1) + h1(u − 1)2],3(u − 1)3〉,〈
(u − 1)7 + 3[h0 + 2(1+ h0)(u − 1)],3(u − 1)2〉, 〈(u − 1)8,3(u − 1)〉;
k = 3: 〈3〉, 〈(u − 1)18 + 3[2+ h1(u − 1) + h1(u − 1)2 + h3(u − 1)3 + h1(u − 1)4 + h5(u − 1)5
+ (2h5 + h3 + h1)(u − 1)6 + h7(u − 1)7 + (h1 + h7 + 2h5)(u − 1)8
]
,3(u − 1)9〉,〈
(u − 1)19 + 3[h0 + 2(h0 + 1)(u − 1) + h2(u − 1)2 + h2(u − 1)3 + h4(u − 1)4 + h2(u − 1)5
+ h6(u − 1)6 + (2h6 + h4 + h2)(u − 1)7
]
,3(u − 1)8〉,〈
(u − 1)20 + 3[h1(u − 1) + 2(1+ h1)(u − 1)2 + h3(u − 1)3 + h3(u − 1)4
+ h5(u − 1)5 + h3(u − 1)6
]
,3(u − 1)7〉,〈
(u − 1)21 + 3[h0 + h2(u − 1)2 + 2(1+ h0 + h2)(u − 1)3 + h4(u − 1)4 + h4(u − 1)5],3(u − 1)6〉,〈
(u − 1)22 + 3[h1(u − 1) + h3(u − 1)3 + 2(1+ h1 + h3)(u − 1)4],3(u − 1)5〉,〈
(u − 1)23 + 3[h0 + h0(u − 1) + h2(u − 1)2 − h0(u − 1)3],3(u − 1)4〉,〈
(u − 1)24 + 3[h1(u − 1) + h1(u − 1)2],3(u − 1)3〉,〈
(u − 1)25 + 3[h0 + 2h0(u − 1)],3(u − 1)2〉, 〈(u − 1)26,3(u − 1)〉.
Moreover, the number of self-dual ideals in I is
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2, k = 1;
2+ 2(3m), k = 2;
2+ 2(3m)+ 2(3m)2 + 2(3m)3 + 2(3m)4, k = 3.
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